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Abstrat
This paper deals with loal onvexity properties of the quasihyperboli
metri in the puntured spae. We onsider onvexity and starlikeness of
quasihyperboli balls.
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1 Introdution
The quasihyperboli distane between two points x and y in a proper subdomain
G of the Eulidean spae Rn, n ≥ 2, is dened by
kG(x, y) = inf
α∈Γxy
∫
α
|dz|
d(z, ∂G)
,
where d(z, ∂G) is the (Eulidean) distane between the point z ∈ G and the
boundary of G and Γxy is the olletion of all retiable urves in G joining x and
y.
Sine its introdution by F.W. Gehring and B.P. Palka [5℄ in 1976, the quasi-
hyperboli metri has been widely applied in geometri funtion theory and math-
ematial analysis in general, see e.g. [14, 10℄. Quasihyperboli geometry has
reently been studied by P. Hästö [3℄ and H. Lindén [6℄.
The purpose of this paper is to study the metri spae (G, kG) and espeially
loal onvexity properties of quasihyperboli balls DG(x,M) dened by
DG(x,M) = {z ∈ G : kG(x, z) < M}.
In the dimension n = 2 we all these balls disks and we often identify R2 with the
omplex plane C.
M. Vuorinen suggested in [15℄ a general question about the onvexity of balls of
small radii in metri spaes. Our work is motivated by this question and our main
result Theorem 1.1 provides an answer in a partiular ase. For the denition of
starlike domains see Denition 2.9.
Theorem 1.1. 1) For x ∈ Rn \ {0} the quasihyperboli ball DRn\{0}(x,M) is
stritly onvex for M ∈ (0, 1] and it is not onvex for M > 1.
2) For x ∈ Rn \ {0} the quasihyperboli ball DRn\{0}(x,M) is stritly starlike with
respet to x for M ∈ (0, κ] and it is not starlike with respet to x for M > κ, where
κ is dened by (4.1) and has a numerial approximation κ ≈ 2.83297.
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Theorem 1.1 in the ase n = 2 is illustrated in Figure 1. O. Martio and J.
Väisälä [8℄ have reently proved that if G is onvex then DG(x,M) is also onvex
for all x ∈ G and M > 0.
Figure 1: Boundaries of quasihyperboli disks DR2\{0}(x,M) with radii M = 1,
M = 2 and M = κ.
2 Quasihyperboli balls with large and small radii
In this setion we onsider the behavior of quasihyperboli balls with large and
small radii.
Let us dene φ-uniform domains, whih were introdued by M. Vuorinen [13,
2.49℄, and onsider quasihyperboli balls with large radii in φ-uniform domains.
We use notation m(a, b) = min{d(a), d(b)}, where d(x) = d(x, ∂G).
Denition 2.1. Let φ : [0,∞) → [0,∞) be a ontinuous and stritly inreasing
homeomorphism. Then a domain G ( Rn is φ-uniform if
kG(x, y) ≤ φ
( |x− y|
m(x, y)
)
for all x, y ∈ G.
Lemma 2.2. Fix φ, let G be φ-uniform, x0 ∈ G and M > 0. If x ∈ G with
m(x, x0) > |x− x0|/φ−1(M) then x ∈ DG(x0,M).
Proof. Sine φ is a homeomorphism m(x, x0) > |x− x0|/φ−1(M) implies
φ
( |x− x0|
m(x, x0)
)
< M
and sine G is φ-uniform
kG(x, x0) ≤ φ
( |x− x0|
m(x, x0)
)
< M.
Therefore x ∈ DG(x0,M).
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Denition 2.3. Let δ ∈ (0, 1) and r0 > 0 be xed and G ⊂ Rn be a bounded
domain. We say thatG satises the (δ, r0)-ondition if for all z ∈ ∂G and r ∈ (0, r0]
there exists x ∈ Bn(z, r) ∩G suh that d(x) > δr.
Theorem 2.4. Assume G is a bounded φ-uniform domain and satises the (δ, r0)-
ondition for a xed δ ∈ (0, 1) and r0 > 0. Let us assume r1 ∈ (0, r0) and x x0 ∈ G
and z ∈ ∂G. Then d(DG(x0,M), z) < r1 for
M > φ
( |x0 − z| + r2
δr2
)
, (2.5)
where r2 = min{r1, d(x0)/2}.
Proof. Sine G satises the (δ, r0)-ondition and r2 < r0 we an hoose x ∈
Bn(z, r2) ∩G with d(x) > δr2. Now
m(x0, x) = min{d(x0), d(x)} = d(x) > δr2
and |z − x| < r2. The inequality (2.5) is equivalent to
δr2 >
|x0 − z| + r2
φ−1(M)
.
Sine |z − x| < r2 and by the triangle inequality
|x0 − z| + r2
φ−1(M)
>
|x0 − z| + |z − x|
φ−1(M)
≥ |x0 − x|
φ−1(M)
.
Now we have
m(x0, x) > δr2 >
|x0 − z| + r2
φ−1(M)
>
|x0 − x|
φ−1(M)
and by Lemma 2.2 we have x ∈ G ∩DG(x0,M). Therefore
d
(
DG(x0,M), z
) ≤ |z − x| < r2 ≤ r1
and the laim is lear.
Corollary 2.6. Let G ⊂ Rn be a bounded φ-uniform domain and let G satisfy the
(δ, r0)-ondition. For a xed s ∈ (0, r0) and x ∈ G there exists a number M(s)
suh that
G ⊂ DG
(
x,M(s)
)
+Bn(s) =
{
y + z : y ∈ DG
(
x,M(s)
)
, |z| < s} .
Proof. We hoose
M(s) > max
z∈∂G
φ
( |x− z|+ r
δr
)
,
where r = min{s, d(x)/2}. By Theorem 2.4 the assertion follows.
Let us then point out that quasihyperboli balls of small radii beome more
and more like Eulidean balls when the radii tend to zero. We shall study the loal
struture of the boundary of a quasihyperboli ball and show that the boundary
is round from the inside and annot have e.g. outwards direted onial parts.
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Denition 2.7. Let γ be a urve in domain G ( Rn. If
kG(x, y) + kG(y, z) = kG(x, z)
for all x, z ∈ γ and y ∈ γ′, where γ′ is the suburve of γ joining x and z, then γ
is a geodesi segment or briey a geodesi. We denote a geodesi between x and y
by Jk[x, y].
Theorem 2.8. For a proper subdomain G of Rn, M > 0 and y ∈ ∂DG(x,M), let
Jk[x, y] be a geodesi segment of the quasihyperboli metri joining x and y. For
z ∈ Jk[x, y] we have
Bn
(
z,
|z − y|
1 + u
)
⊂ DG(x,M),
where u = |z − y|/d(z).
Proof. By [4, Lemma 1℄ there exists Jk[x, y]. By the hoie of z we have
M = kG(x, y) = kG(x, z) + kG(z, y)
and by the triangle inequality for w ∈ DG
(
z, kG(z, y)
)
we have
kG(x, w) ≤ kG(x, z) + kG(z, w) < M.
Now
DG
(
z, kG(z, y)
) ⊂ DG(x,M).
By [12, page 347℄
Bn
(
z,
(
1− e−kG(z,y)) d(z)) ⊂ DG(z, kG(z, y))
and therefore
Bn
(
z,
(
1− e−kG(z,y)) d(z)) ⊂ DG(x,M).
By [5, Lemma 2.1℄ kG(z, y) ≥ log
(
1 + |z−y|
d(z)
)
and therefore
(
1− e−kG(z,y)) d(z) ≥ (1− d(z)
d(z) + |z − y|
)
d(z)
=
|z − y|
1 + u
for u = |z−y|
d(z)
. Now
Bn
(
z,
|z − y|
1 + u
)
⊂ Bn (z, (1− e−kG(z,y)) d(z))
and the laim is lear.
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Now we have found a Eulidean ball Bn(z, r) inside the quasihyperboli ball
DG(x,M) with the following property:
r
d
(
z, ∂DG(x,M)
) → 1, when z → ∂DG(x,M).
Geometrially this onvergene means that the boundary of the quasihyperboli
ball must be round from the interior. The boundary annot have any one shaped
orners pointing outwards from the ball. However, there an be orners in the
boundary pointing inwards to the ball. An example in R2 \ {0} is the quasihy-
perboli disk with M > pi. This example is onsidered in more detail in Remark
4.8.
Denition 2.9. Let G ⊂ Rn be a domain and x ∈ G . We say that G is starlike
with respet to x if eah line segment from x to y ∈ G is ontained in G. The
domain G is stritly starlike with respet to x for x ∈ G if G is bounded and eah
ray from x meets ∂G at exatly one point.
The following result onsiders starlikeness of quasihyperboli balls in starlike
domains. The same result was independently obtained by J. Väisälä [11℄.
Theorem 2.10. If G ( Rn is a starlike domain with respet to x, then the quasi-
hyperboli ball DG(x,M) is starlike with respet to x.
Proof. We need to show that the funtion f(y) = kG(x, y) is inreasing along eah
ray from x to ∂G. To simplify notation we may assume x = 0.
Let y ∈ G \ {x} be arbitrary and denote a geodesi segment from x to y by γ.
Let us hoose any y′ ∈ (x, y) and denote
γ′ =
|y′|
|y| γ = cγ.
Sine G is starlike with respet to x the path γ′ from x to y′ is in G. Therefore
kG(x, y
′) ≤
∫
γ′
|dz|
d(z)
=
∫
γ
c|dz|
d(cz)
.
Sine G is starlike with respet to x we have d(cz) ≥ cd(z) whih is equivalent to
c
d(cz)
≤ 1
d(z)
.
Now
kG(x, y
′) ≤
∫
γ
c|dz|
d(cz)
≤
∫
γ
|dz|
d(z)
= kG(x, y)
and f is inreasing along eah ray from x to ∂G.
For a domain G ⊂ Rn and quasihyperboli ball DG(x,M), x ∈ G and M > 0,
we dene the points that an aet the shape of DG(x,M) to be the set
{z ∈ ∂G : |z − y| = d(y) for some y ∈ DG(x,M)}.
Let G be a domain and x x ∈ G and M > 0. Now by [12, page 347℄ we
know that DG(x,M) ⊂ Bn(x,Rd(x)), for R = eM − 1, and therefore for eah
y ∈ DG(x,M) we have d(y) ≤ d(x) + 2Rd(x) = d(x)(2eM − 1). This fat is
generalized in the following lemma.
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Lemma 2.11. Let G ( Rn be a domain, x ∈ G and y ∈ ∂G. Then the points that
an aet the shape of the quasihyperboli ball DG(x,M) for M ∈ (0, 1] are in the
losure of the set
Uy = B
n
(
x, |x− y|(2eM − 1)) \ {z ∈ Rn \ {y} : ∡x′yz ≤ pi/2− 1, x′ = 2y − x} ,
where ∡x′yz is the angle between line segments [x′, y] and [z, y] at y.
Proof. Let us onsider G′ = Rn \ {y}. Now G ⊂ G′ and therefore DG(x,M) ⊂
DG′(x,M). Now the points that an aet the shape of DG(x,M) need to be
inside Bn
(
x, |x− y|(2eM − 1)).
Let z ∈ ∂DG′(x,M). Beause M ≤ 1 we have by (3.1) ∡xyz ≤ 1. Therefore
the points in
{z ∈ Rn \ {y} : ∡x′yz ≤ pi/2− 1, x′ = 2y − x}
do not aet the shape of DG′(x,M). Sine DG(x,M) ⊂ DG′(x,M), the laim is
lear.
Theorem 2.12. For a domain G ( Rn, M ∈ (0, 1] and x ∈ G the quasihyperboli
ball DG(x,M) is starlike with respet to x.
Proof. We denote
Vx = G ∩
( ⋂
y∈∂G
Uy
)
.
The set Vx ontains all of the boundary points of G that aet the shape of
DG(x,M). Therefore for xed x ∈ G we have DG(x,M) = DVx(x,M) and
DG(x,M) is starlike with respet to x by Theorem 2.10, beause Vx is starlike
with respet to x.
Remark 2.13. In Lemma 2.11 and Theorem 2.12 we ould replae M ∈ (0, 1]
by M ∈ (0, α] and ∡x′yz ≤ pi/2 − 1 by ∡x′yz ≤ pi/2 − α for any α ∈ [1, pi/2).
This modied version of Theorem 2.12 was also proved by J. Väisälä [10, Theorem
3.11℄.
3 Convexity of quasihyperboli balls in puntured
spae
The set Rn\{z}, z ∈ Rn, is alled a puntured spae. To simplify notation we may
assume z = 0. In this setion we will nd values M suh that the quasihyperboli
ball DRn\{0}(x,M) is onvex for all x ∈ Rn \ {0}.
Let us assume that x, y ∈ Rn \ {0} and that the angle ϕ between segments
[0, x] and [0, y] satises 0 < ϕ ≤ pi. It an be shown [7, page 38℄ that
kRn\{0}(x, y) =
√
ϕ2 + log2
|x|
|y| . (3.1)
In partiular, we see that kRn\{0}(x, y) = kRn\{0}(x, y1), where y1 is obtained
from y by the inversion with respet to Sn−1(|x|), i.e. y1 = y|x|2/|y|2. Hene this
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inversion maps the quasihyperboli sphere {z ∈ Rn \ {0} : kRn\{0}(x, z) = M} onto
itself.
Quasihyperboli balls are similar in Rn \ {0} for xed M . In other words any
quasihyperboli ball of radius M an be mapped onto any other quasihyperboli
ball of radius M by rotation and strething.
We will rst onsider onvexity of the quasihyperboli disks in the puntured
plane R2 \ {0} and then extend the results to the puntured spae Rn \ {0}.
By (3.1) we have a oordinate representation in the ase n = 2
x = (|x| cosϕ, |x| sinϕ) =
(
e±
√
M2−ϕ2 cosϕ, e±
√
M2−ϕ2 sinϕ
)
, (3.2)
for x ∈ ∂DR2\{0}(1,M) and −M ≤ ϕ ≤ M . By using this presentation we will
prove the following result.
Theorem 3.3. ForM > 1 and z ∈ R2 \ {0} the quasihyperboli disk DR2\{0}(z,M)
is not onvex.
Proof. We may assume z = 1 and let x ∈ ∂DR2\{0}(z,M) be arbitrary. Assume
M > 1. By (3.2) we have
x =
(
e±
√
M2−ϕ2 cosϕ, e±
√
M2−ϕ2 sinϕ
)
,
where −M ≤ ϕ ≤M .
If M > pi/2, then the laim is lear by symmetry beause Re x = e−M > 0 for
ϕ = 0 and Re x < 0 for ϕ = ±M .
We will show that the funtion
f(ϕ) = e−
√
M2−ϕ2 cosϕ
is onave in the neighborhood of ϕ = 0 and the funtion
g(ϕ) = e−
√
M2−ϕ2 sinϕ
is inreasing in
(
0,min{M, pi
2
}). This will imply non-onvexity of DR2\{0}(z,M).
First,
g′(ϕ) = e−
√
M2−ϕ2
(
cosϕ+
ϕ sinϕ√
M2 − ϕ2
)
and this is learly non-negative for 0 < ϕ < min{M, pi
2
}. Therefore g(ϕ) is inreas-
ing.
Seond, by a straightforward omputation we obtain
f ′(ϕ) = e−
√
M2−ϕ2
(
ϕ cosϕ√
M2 − ϕ2 − sinϕ
)
and
f ′′(ϕ) =
e−
√
M2−ϕ2
((
M2 −
√
M2 − ϕ2(M2 − 2ϕ2))) cosϕ+ 2ϕ(ϕ2 −M2) sinϕ
(
√
M2 − ϕ2)3 .
Now f ′(0) = 0 and f ′′(0) = e−M(1/M − 1) < 0 and therefore f(ϕ) is onave in
the neighborhood of ϕ = 0.
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Theorem 3.3 an easily be extended to the ase n ≥ 3.
Corollary 3.4. IfM > 1 and z ∈ Rn \ {0}, then the quasihyperboli ballDRn\{0}(z,M)
is not onvex.
Proof. Let us hoose any y ∈ Rn \ {0} suh that y 6= t z for all t ∈ R. Now
DRn\{0}(z,M)∩span (0, y, z) is not onvex by Theorem 3.3 and therefore the quasi-
hyperboli ball DRn\{0}(z,M) annot be onvex.
Let us now onsider the onvexity of the quasihyperboli balls in the ase
M ≤ 1 and n = 2.
Theorem 3.5. For 0 < M ≤ 1 and z ∈ R2 \ {0} the quasihyperboli disk
DR2\{0}(z,M) is stritly onvex.
Proof. Let z = 1 and x ∈ ∂DR2\{0}(z,M). By symmetry it is suient to onsider
the upper half D of ∂DR2\{0}(z,M), whih is given by
x = x(s) = (es cosϕ, es sinϕ), (3.6)
where M ∈ (0, pi), s ∈ [−M,M ] and ϕ = ϕ(s) = √M2 − s2. Now ϕ′(s) = −s/ϕ(s)
and therefore for s ∈ (−M,M)
x′(s) =
es
ϕ(s)
(
a(s), b(s)
)
,
where a(s) = ϕ(s) cosϕ(s) + s sinϕ(s) and b(s) = ϕ(s) sinϕ(s)− s cosϕ(s). Now
t(s) =
(
a(s), b(s)
)
is a tangent vetor of D for s ∈ [−M,M ]. Equality t(s) = 0 is
equivalent to s2 = −ϕ(s)2, whih never holds. Sine t(s) 6= 0 for all s ∈ [−M,M ]
the angle α(s) = arg t(s) is a ontinuous funtion on (−M,M). We need to show
that α(s) is stritly dereasing on [−M,M ].
Sine α(s) = arctan
(
b(s)/a(s)
)
and arctan is stritly inreasing, we need to
show that c(s) = b(s)/a(s) is stritly dereasing. By a straightforward omputation
c′(s) =
a(s)b′(s)− b(s)a′(s)
a(s)2
= −(1 + s)M
2
ϕ(s)a(s)2
(3.7)
and the assertion follows.
Remark 3.8. The boundary ∂DR2\{0}(1,M) is smooth sine α(s) is ontinuous,
t(M) = (0,−M) and t(−M) = (0,M).
By using the symmetry of the quasihyperboli balls we an extend Theorem
3.5 to the ase of puntured spae.
Lemma 3.9. Let the domain G ⊂ Rn be symmetri about a line l, G ∩ l 6= ∅ and
G ∩ L be stritly onvex for any plane L with l ⊂ L. Then G is stritly onvex.
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Proof. We may assume that the line l is the rst oordinate axis of Rn to simplify
notation. Let us dene funtion f : R→ [0,∞) by
f(x) =
{
d(x, z), if there exists z = (x, z2, . . . , zn) ∈ ∂G
0, otherwise.
Sine G is symmetri about l and G ∩ l 6= ∅ there exists suh x0, x1 ∈ R that
f [x0, x1] = [0, d] for d < ∞ and f(x0) = 0 = f(x1). Sine G ∩ L is onvex the
funtion f is onave on [x0, x1].
Let x, y ∈ G, x 6= y be arbitrary and denote Ax = {z = (x1, z2, . . . , zn) ∈
G : d(z, l) = d(x, l)} and Ay = {z = (y1, z2, . . . , zn) ∈ G : d(z, l) = d(y, l)}. The
line segment [x, y] is ontained in the losure of the onvex hull of Ax ∪Ay, whih
is ontained in G by the onavity of f .
Corollary 3.10. For 0 < M ≤ 1 and z ∈ Rn \ {0} the quasihyperboli ball
DRn\{0}(z,M) is stritly onvex.
Proof. By (3.1) the quasihyperboli ballDRn\{0}(x,M) is symmetri about the line
that ontains x and 0. By Lemma 3.9 and Theorem 3.5 DRn\{0}(x,M) is stritly
onvex for 0 < M ≤ 1.
4 Starlikeness of quasihyperboli balls in puntured
spae
In this setion we will nd the maximum value of the radius M for whih the
quasihyperboli ball DRn\{0}(x,M) is starlike with respet to x. As in the previous
setion we will rst onsider the quasihyperboli disks in the puntured plane and
then extend the results to the puntured spae.
Let us dene a onstant κ as the solution of the equation
cos
√
p2 − 1 +
√
p2 − 1 sin
√
p2 − 1 = e−1 (4.1)
for p ∈ [1, pi]. The proof of the next theorem shows that the equation (4.1) has
only one solution κ on [1, pi] with numerial approximation
κ ≈ 2.83297.
Remark 4.2. Aording to [1℄ the number κ was rst introdued by P.T. Moanu
in 1960 [9℄. Later V. Anisiu and P.T. Moanu showed [1, page 99℄ that if f is an
analyti funtion in the unit disk, f(0) = 0 and∣∣∣∣f ′′(z)f ′(z)
∣∣∣∣ ≤ κ,
then f is starlike with respet to 0.
Theorem 4.3. The quasihyperboli disk DR2\{0}(x,M) is stritly starlike with re-
spet to x for 0 < M ≤ κ and is not starlike with respet to x for M > κ.
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Proof. Beause of symmetry we will onsider ∂DR2\{0}(x,M) only above the real
axis and by the similarity it is suient to onsider only the ase x = 1. By
Theorem 3.5 we need to onsider M ∈ (1, pi).
Let us denote by l(s) a tangent line of the upper half of ∂DR2\{0}(1,M). The
slope of the tangent line l(s) is desribed by the funtion c(s) dened in the proof of
Theorem 3.5. By (3.7) the funtion c(s) is inreasing on [−M,−1] and dereasing
on [−1,M ]. We need to nd M suh that l(s), s ∈ [−M,M ], goes through point 1
exatly one. In other words, we need to nd M suh that l(−1) goes through 1.
The tangent line l(s) goes through 1 if and only if
c(s) =
x2
x1 − 1 , (4.4)
where x1 = e
s cosϕ(s) and x2 = e
s sinϕ(s). The equation (4.4) in the speial ase
s = −1 is equivalent to
e cos
√
M2 − 1 + e√M2 − 1 sin√M2 − 1− 1
(e− cos√M2 − 1)(√M2 − 1 cos√M2 − 1− sin√M2 − 1) = 0,
whih holds if and only if M = κ.
We will nally show that M = κ is the only solution of (4.1) on (1, pi). We de-
ne funtion h(x) = cosx + x sin x − e−1 and show that it has only one root
on (0,
√
pi2 − 1). Sine h′(x) = x cosx, h(0)1 − e−1 > 0 and h(√pi2 − 1) <
h(11pi/12) < 0 the funtion h has only one root on (0,
√
pi2 − 1) and the asser-
tion follows.
Corollary 4.5. The quasihyperboli ball DRn\{0}(x,M) is stritly starlike with
respet to x for 0 < M ≤ κ and is not starlike with respet to x for M > κ.
Proof. By Theorem 4.3 the laim is true for n = 2. Let us assume n > 2 and
hoose x ∈ Rn \ {0} and M ∈ (0, κ]. Let us assume, on the ontrary, that there
exist y ∈ ∂DRn\{0}(x,M) and z ∈ (x, y) suh that z ∈ ∂DRn\{0}(x,M). Now z ∈
∂DRn\{0}(x,M) ∩ span (0, x, y) and therefore DR2\{0}(x,M) is not stritly starlike
with respet to x. This is a ontradition by Theorem 4.3.
Remark 4.6. Let us onsider the starlikeness property of the quasihyperboli
disk DR2\{0}(x,M) with respet to any point z ∈ DR2\{0}(x,M). For M > 1 and
z = (e−M + ε)x/|x|, where ε > 0, we an hoose ε so small that DR2\{0}(x,M) is
not starlike with respet to z. On the other hand for M < λ ≈ 2.9648984, where
λ is a solution of
cos
√
p2 − 1 +
√
p2 − 1 sin
√
p2 − 1 = e−1−p, (4.7)
DR2\{0}(x,M) is starlike with respet to z = (e
M − ε)x/|x| for small enough ε > 0.
This is also true for quasihyperboli balls DRn\{0}(x,M). The equation (4.7) an
be obtained by similar omputations as in the proof of Theorem 4.3.
Remark 4.8. For M ≤ pi we note that
lim
ϕ→M
c(s) = −∞ and lim
ϕ→−M
c(s) =∞
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and therefore DRn\{0}(x,M) smooth. For M > pi the boundary ∂DRn\{0}(x,M) is
dened by (3.6) for s ∈ [m,M ], where m = max{t ∈ (−M,M) : sin√M2 − t2 =
0}. Therefore
lim
ϕ→M
c(s) = −∞ and lim
ϕ→m
c(s) =
−m cosϕ(m)
ϕ(m) cosϕ(m)
= − m
ϕ(m)
,
where | − m/ϕ(m)| < ∞, and DRn\{0}(x,M) is not smooth at
(
em sinϕ(m), 0
)
.
Note that by (3.1) DR2\{0}(x,M) is not simply onneted for M > pi and is simply
onneted for M ∈ (0, pi].
Proof of Theorem 1.1. The laim is lear by Corollaries 3.4, 3.10 and 4.5.
The following lemma shows a property of the Eulidean radius of a quasihy-
perboli ball.
Lemma 4.9. Let M ∈ (0, κ], z ∈ Rn \ {0} and x, y ∈ ∂DRn\{0}(z,M). Then
∡xz0 < ∡yz0 implies |x− z| < |y − z|.
Proof. SineM ≤ κ the quasihyperboli ballDRn\{0}(z,M) is stritly starlike with
respet to z by Theorem 4.5 and the angle ∡xz0 determines the point x uniquely.
By symmetry and similarity it is suient to onsider only the ase n = 2 and
z = 1. We will show that the funtion
f(s) = |x(s)− 1|2
is stritly inreasing on (−M,M), where x(s) dened by (3.6). Now
f(s) = |x(s)|2 + 1− 2|x(s)| cos p(s) = e2s + 1− 2es cosϕ(s)
for s ∈ [−M,M ] and
f ′(s) = 2es
(
es − cosϕ(s)− s sinϕ(s)
ϕ(s)
)
.
If s ∈ (0,M), then
es − cosϕ(s)− s sinϕ(s)
ϕ(s)
≥ es − cosϕ(s)− s ≥ es − 1− s > 0
and f ′(s) > 0.
If s ∈ [−M, 0), then es − cosϕ(s) − s sinϕ(s)/ϕ(s) > 0 is equivalent to e−t −
cosϕ(t)+t sinϕ(t)/ϕ(t) > 0 for t ∈ (0,M ]. BeauseM < 3, by elementary alulus
e−t − cosϕ(t) + t sinϕ(t)
ϕ(t)
≥
(
1− t+ t
2
2
− t
3
6
)
−
(
1− ϕ(t)
2
2
+
ϕ(t)4
24
)
+
(
t− tϕ(t)
2
6
)
=
1
24
(
12M2 −M4 − 4M2t+ 2M2t2 − t4) > 0
and also f ′(s) > 0. Therefore f is stritly inreasing and the assertion follows.
Finally we pose an open problem onerning the uniqueness of short geodesis:
are quasihyperboli geodesis with length less than pi always unique?
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